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( October )

MATHEMATICS

( Elective/Honours )

( GHS-31 )
( Algebra—II and Calculus—II )

Marks : 75

Time : 3 hours

The figures in the margin indicate full marks
for the questions

Answer five questions, taking one from each Unit

UNIT—I

1. (a) Show that the set of nth roots of unity
is a group under multiplication of
complex numbers. 4

(b) Prove that a non-empty subset H of
a group G is a subgroup of G if and only
if a, be H implies a ite H, where b lis
the inverse of b in G. 4

8D/125 ( Turm Over )




fc)

fd)

(b)

fc)

(d)

3. f(a)

8D/125

(2)

Verify whether the binary operation
%' defined on ©Q by a# b=2ék is
fi) ive and (i) jative, 142=3

Show that a group G is Abelian if and
only if (ab)? =a’b? for all @ be G. 4

Prove that every group of prime order
is cyclic. Is it Abelian? Justify your
answer. 3+1=4

State and prove Lagrange’s theorem on
the order of a finite group. 1+4=5

Show that the remainder on dividing
7% by 15 is 7. State the theorem you
have used. 3+1=4

Give an example to show that the union
of two subgroups of a group may not
be a subgroup. 2

Unir—I1

Solve the equation

x* +x% -16x? ~4x+48 =0
given that the product of two of its
roots is 6. 5

( Continued )

(b)

fc)

(@)

(b)

(c)

(b)

8D/125

(3)

Expand x5 -6x? +x? -1 in powers of
x+1L 4

If o, B, v be the roots of the equation
x? —ax? -bx-c=0, find in terms of
the coefficients the values of (i) Za?p

and (i) T o.2p2. 3+3=6

Find all the values of {l+i)/7 by
De Moivre's theorem. 5

Solve the equation x%-3x+1=0 by
Cardan method. 6

Find the equation whose roots are
the roots of x® +4x® —x? +11=0 each
diminished by 3. 4

Unir—I11
Prove that if a sequence converges,
then its limit is unique. 4
Show that the sequence {x,}, where
l n
2 =(1 +~} is monotonic increasing.
n

Show also that it is bounded. What
can  you conclude about the
convergence of this sequence? 3+2+1=6

{ Turn Over )



(4)

f¢) Use Cauchy's general principle

convergence to prove that the sequence

{X, | converges, when
Xn =1+i+i+--- +l
21 31 nl

6. (a) What is an alternating series? Prove
that the alternating series ¥ (-1)"a,

n=1

converges if {a,} is positive monotonic
decreasing sequence and a, —0 as

n — e,

(b} Test the convergence of the following

series (any fwo) :

- 2n-1
asinin+l)in+2)

i

f¢) Find the interval of convergence of the

: n .n
ower series Y ——x".,
P Elnu

8D/125 ( Continued )

fa)

(b)

fc)

(@

(a)

(b)

8D/125

UNIT—IV

State and prove Lagrange's mean value
theorem of differential calculus. 14+4m=5
Show that 1% <log(l+x <x, for all
X
positive real values of x. 4
Show that x'/*(x >0} is a maximum at
x=¢e and deduce that e" >n®. 3+1=4
Find the points of inflexion, if any, of the
curve x =({logy°. 2

When is a function f:D—R said to
be continuous at a point {4 b), where
DcR?  and (g bHeD? Test the

continuity of the function defined by

Xy
= (GW#00
Tl = sz +y:g
0, (% 1) =(0,0)
at the origin. 1+4=5
Show that
2
lim, : yz
yoo 1Y
does not exist. 2

{ Turn Over )



x+y
apply Euler’s theorem to find the value

of x24 +y—a-!j and hence deduce that
ax oy 2

9%y 32u 20%u

x2‘+2xy—- +y° — =6u D+deg

9x? dxdy ay?

fd) State Schwarz's theorem on mixed
partial derivative for a real-valued
function of two real variables.

Unir—v

9. (a) Expand f(x)=sinx in a finite series
in powers of x with remainder in
Cauchy's form.

(b} Let f:lab]-R be a continuous
function and F:[g, b] —» R be a function
such that F'(x) = f(x), for all xe [a, bl.
Show that [!f(x) dx = F(t) - F(a)

fc) Show that the area bounded by
the parabolas x? =4y and y? =4x is
18 sq unit.

8D/125 { Continued )

(7)

10. (a) Evaluate szyzdxdy, where
= 2
C={loy:x20,y20x%+y2 <1

(b) Find the length of the are of the
parabola y? =16x measured from the
vertex to an extremity of its latus
rectum.

(e} Find the volume and the surface area
of the solid generated by revolving the
cycloid x=alf+sing), y =a(l +cos8)
about x-axis,

8D—2300/125 3/EH-29 (iii) (Syllabus-2015)
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MATHEMATICS
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( GHS-31 )

( Algebra—II and Calculus—II )

Marks : 75
Time : 3 hours

. The figures in the margin indicate full marks
for the questions

Answer five questions, taking one from each Unit

UNIT—I

1. (a) Show that the set G={1,2, 3, -, p-1}
is a group of order p -1, the composition
being ordinary multiplication modulo p,
p being a prime integer. 6
(b) 1If G is a finite group and a€ G, then
prove that (i) if a™ = e, then O(a) divides
m and (ii) O(a) = O(a™!), where e is the
identity of G, O(a) is the order of
element a. 3+2=5

D9/56 ( Turn Quer )



fc)

(@)

)

(e

C

(e}

(b)

D9/56

(2)

For a given element a in a group G,
prove that the set

Nig = {xe G|xa=ax}

is a subgroup of a group G. 4
Prove that every subgroup of a cyclic
group is cyclic. 4
Show that the equations a-x=b and
y-a=b have unique solutions in a
group G, where a, be G. 5
If an element a of a group G satisfies
a? = q, then show that a=e. 2
If G=(Z, +) be the group of integer
under ordinary addition and if H =nZ,
then find all the right cosets of H in G,
where n is a fixed positive integer. 4
Unr—11
Find the range of the values of k for
which the roots of the equation
x* +4x? -8x? +k=0

are all real. L
Find the pelynomial f(x+2), when

i =4x5 +6x* -3x% +5x-2 5

( Continued |

4 (@

(b)

(e}

{b)

D9/56

(3)

Solve the equation
4x* +8x% +13x% +2x+3 =0
given that sum of two of the roots is
zero.
Solve the equation
x%-15x-126=0
by Cardan’s method.

Use De Moivre's theorem to solve the
equation
x"-1=0

If @, B, v be the roots of the cubic

x= +¢1:uc2 +gx+r=0
find the value of ¥a’p?.

Unrr—Il
Prove that a convergent sequence is
bounded. Is the true? Justify
your with an pl 3+1=4

State Cauchy’s general principle of

convergence of a sequence and apply

it to show that the sequence {x,} is
divergent, if

K =1+l+l+.“+l

2 3 n

[ Turn Owver )

2+3=5






)

(c)

9. (a)

®)

fe)

D9/56

(6)

x>y

Ifu-tan'l[
xX-y

], then show that—

fi) x:—: + y-g-[;; = gin 2u;

., 2%u ?u . 2%

i) kP cqag Ut fydt il

? oy? py Y oy
(1-4sin® wsin2u. pi4-6

3

If u=r3, x?+y® +2% =r2, then prove

that

UNIT—V

Expand (1+x)™ in a finite series in

power of x with Lagrange’s form of
remainder. 4

Show that the equation x* +2x-8=0
has a root between 1 and 2. Taking 2 as
an approximate root and using Newton's
method for appraoximation, find that the

root corrects to 3 decimal places. 5
State and prove the ' fundamental
theorem of integral calculus. 1+5=6

{ Continued )

b7}

10. (a) Find the area enclosed by the curves
x? +y? =2ax and y? =ax. s

(b) Evaluate _l’_r:u:y(.\:2 +y%)dxdy over the
region R=[0, a; 0, b}. 5

i fe) Find the value offc (x? +yz}dy, where C

is the arc of the parabola y? =4ax
between (0, 0) and (a, 24d). 5

*kk
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2016
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MATHEMATICS

( Elective/Honours )

( Algebra—II and Calculus—II )
(GHS-31})
Marks : 75
Time : 3 hours

The figures in the margin indicate full marks
for the questions

Answer five questions, choosing one from each Unit
UNIT—I
1. (a) Prove that the set {1,-1,i, -1} is a
finite Abelian group of order 4 with

respect to multiplication. [i2 =-1] 3

(b) Show that every subgroup of a cyclic
group is cyclic. 4

D7/118 ( Turn Over )



2.

(L)

(@)

(a}

(b)

fcl

3. (af
)
D7/118

(2)

Answer the following with justification :

2x3=6

i) Can an Abelian group have a
non-Abelian subgroup?

(i} Can a non-Abelian group have an
Abelian subgroup?

i Can a non-Abelian group have a
non-Abelian subgroup? g

Prove that intersection of any two sub-

groups of a group is a subgroup.

If G is a finite group, show that for each
ae G, there exists a positive integer n
such that a™ = e, where e is the identity
element of a group G.

Show that any two left cosets of a
subgroup H in a group G have the same
(finite or infinite) number of elements.
Show that an infinite cyclic group has
exactly two generators.
Unit—I1

Solve x* —x? +3x? +31x+26 =0, if one
of the roots of the given equation is 2 - 31,
Find the polynomial f{x+2), when

fla=x* -3x% +ax? =2x #1

4

( Continued )

(/: )

4. (a)

(L]

D7/118

(3)

Remove the second term of the equation
x? +6x% +12x-19=0
and then solve the gmm equation.

@ 1f w,p,y are the roots of the
equation %2 +px2+qx+r=0, form
the equation whose roots are

i 1 1
+2, g, o

- o p ¥

z=c0s20 +isin20

w=cos20+isin2¢

show that

(i) 1

1
w"
ol +szﬂ

=2cos2(m8 + n)

If the equation
3x* +4x% -60x? +96x—k =0

has four real and un:i;ual roots, show
that k must lie between 32 and 43.

Solve the equation x° ~18x-35=0 by
Cardan's method.

{ Turn Over )



5. (a)

)

fc)

(b)

{c)

D7/118

(4)

Unrr—IIl

Prove that the convergent sequence is
hounded. Is the converse true? Justify
with an example. 3+1=4

; 3n+l
Sh that if = ,
oW Ko ﬂ.+2

then the

sequence {x,} is strictly increasing. Is
the sequence convergent? Justify your
answer. Also find its limit. 3+2+1=6

Define Cauchy sequence. Is the
sequence {n®} a Cauchy sequence?
Justify your answer. 2+3=5

Test the convergence of the following
series (any tiwg) 3x2=6

o S=
n=1 n"
2n+1
n=1[n+11"

i 3 Fa _

n=1 'J_ _.J_‘|'
State Leibnitz's theorem for altemnﬂué
series. Show that 1- -1—+ - .

1
B

converges. 2&3-
Define a power senes Fmd the interval

of convergence of E ha S

143=4
a0 n!’

( Continued )

7. (a)

o)

(c)

(b}

D7/118

(:45%)

Unir—IvV

State and prove Cauchy’s mean value
theorem. 1+4=5

Find the asymptotes of the curve
222 tay2x-YHylx-y)+1=0 5

iy Find the approximate wvalue of
log 10:1 by the use of differentials.
Given that log;, e =0-4343. 2

() Show that of all rectangles of a
given area, the square has the

~ smallest perimeter. 3

Let the fangtion be defined by

, when x? +y? 20
Flx, y)=1/x +_:,r2

0 , when x=0=y
Show that fg(0,.0) # f4x(0,0). 6
State and prove Euler's theorem

on homogeneous function of three
variables x, y, 2z Applying Euler’s

theorem to the function
3
V=tan! f_._i-?__ show that
xX=y
BV av
— +Yy—— =sin2V, =
ax by 3y 1+4+4=0

{ Turn Quer )



(6)

UNIT—V

9. (a) Expand log(l+x) in a finite series in
powers of x with Cauchy’s form of
remainder. 4

(b) State and prove Taylor’s theorem in
infinite form with Lagrange’s form of
remainder. 6

{c) State and prove the fundamental
theorem of integral calculus. 1+4=5

10. (a) Find the volume of the solid of

revolution obtained by revolving the

2 2

ellipse X _+Y_ -1about the minor axis. 4
a’’ip?

() Find the length of arc of the given
curves x = e° sin6, y =e® cosb from § =0
to.8=2. )

: 4 20-4x
(c) Evaluate _{2 L/;" 4 -y)dydx by

changing the order of integration. 6

% %k ¥k
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MATHEMATICS
( Elective/Honours )
( GHS-31 )
( Algebra—II & Calculus—II )
Marks : 75

Time : 3 hours

The figures in the margin indicate full marks
for the questions

Answer five questions, choosing one from each Unit
UNIT—I

1. (a) Show that the set of all positive rational
numbers forms an Abelian group under
the composition defined by

ab
h=—
ax* 5 5

(b) If the inverse of a is a™!, then show
that the inverse of a ™! =a. 2

(c) Show that the set consisting of the
fourth roots of unity namely 1,-1, i, —i
form a group with respect to
multiplication. 5

20D/ 77 ( Turn Qver )



(d)

(b)

(e

(@)

fb)

20D/77

Show that if every element of a group G
is its own inverse, then G is Abelian.

Show that if a, b are nnytwgelemm“
of a group G, then (abf® =a’p? if and
only if G is Abelian.

Qive an example to show that the union
of .two subgroups is not necessarily
a subgroup.

Prove that any two right (left) cosets of
a subgroup are either disjoint or
identical.

Prove that every group of prime order is
cyclic.

Un—I1
Prove that

s +0-if =28 cos 22

n being any positive integer.

equation by

Solve the following
Cardan’s method :

X +6x+7=0

4.

5.

(3)

{c) Solve the equation

)

]

(a)

[can&q;j?u 200/77

xt - 3x3 —5x2 +9x-2=0

if one of the roots of the given equation
is 2+.3.

If the sum of the two roots of
HipP gl trees=0

is equal to the sum of its other two

roots, then prove that p3+8r-4pq.

If

x*—14x2 1 24x k=0

has four real, unequal rogts, prove that
k must lie between 8 and 11,

If o, B,y are the roots of the equation

x®+gx+r=0, find the equation whose
roots are

B+y y+a a+p
uz B2 "."2

Unir—II1

Prove that a sequence which is
monotonic  increasing and bounded

above converges to its exact upper
bound.

5

{ Turn Over )



®)

(b)

20D/77

(4)

Show that the sequence

e

n

is bounded above. Is it monotonic? Find

its limit, if the limit exists. 5

Prove that the sequence {[—1]“} is not
& Cauchy sequence. 5

Test the convergence of the following

series (any two) : 3x2=6
o 1+2 14243 1+2+3+4
+ R T e
Ly 3* 43
2 T,
S +an
@ 1.2% 2.34
Jn

fiii) Zu,, where u, =

n?-1

By using Leibnitz’s test, prove that the
series

fc)

7. (a)

{b)

(C

8. (a)

20D/77

(5)

Find the interval of convergence of the
power series

L nﬁ
6
n=1¥T
Unir—IV
State and prove Cauchy’'s mean value
theorem. 1+4=5
Verify Rolle’s theorem for the function
flx)=x*-5x+6 in 12x<4. 3
Find the maximum and minimum value
of
1+2sinx+3cosx, Ost%n 3
Show that the rectangle inscribed in a
circle has maximum area, when it is a
square. 4

If u=logr, r2=x9+y’+zh, prove that

u  Pu Pu)
ﬁ[§+¥+§]-l 6
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